In this paper, we construct the sets of bounded and continuous fuzzy-valued functions with the level sets. We investigate the relationships between these sets and their classical forms and give some properties including definitions, propositions and various kind of fuzzy distance functions. Furthermore, we study some of their properties like completeness, uniform convergence and differentiation and present two illustrative examples related to the complete and non-complete fuzzy metric spaces.
Introduction
As conventional hardware systems have been based on membership functions, a membership grade has been assigned to each element in the universe of discourse. In this way, a wide variety of membership-function forms are being implemented and may reduce the number of conditional propositions for fuzzy inference to generate complex nonlinear surfaces, such as those used in fuzzy control and fuzzy modeling. More complex surfaces can be generated with a limited number of conditional propositions, with increasing types of membership-function forms. This is an advantage over approximating membership functions, especially with triangular or trapezoidal forms. The effectiveness of level sets comes from not only their required memory capacity for fuzzy sets, but also their two valued nature. This nature contributes to an effective derivation of the fuzzy-inference algorithm based on the families of the level sets. Besides this, the definition of fuzzy sets by level sets offers advantages over membership functions, especially when the fuzzy sets are in universes of discourse with many elements. This definition considerably reduces the required memory capacity for the fuzzy sets and the processing time for fuzzy inference. By ω(F) and E 1 , we denote the set of all sequences of fuzzy numbers and the set of all fuzzy numbers on R, respectively. We define the classical sets C F [a, b] and B F [a, b] consisting of the sets continuous and bounded fuzzyvalued functions, as follows:
fuzzy-valued function for all x,t ∈ [a, b]
We denote the set of all fuzzy numbers on R by E 1 and called it as the space of fuzzy numbers. λ -level set [u] λ of u ∈ E 1 is defined by (ii) u + is a bounded and non-increasing left continuous function on ]0, 1].
(iii) The functions u − and u + are right continuous at the point λ = 0.
Conversely, if the pair of functions u − and u + satisfies the conditions (i)-(iv), then there exists a unique u
The fuzzy number u corresponding to the pair of functions u − and u + is defined by u :
Now we give the definitions of the well-known two types of fuzzy numbers with the λ -level set. 
Let u, v, w ∈ E 1 and α ∈ R. Then the operations addition, scalar multiplication and product defined on E 1 by where it is immediate that Then it can easily be observed that d is a metric on W (cf. Diamond and Kloeden [13] ) and (W, d) is a complete metric space, (cf. Nanda [15] ). Now, we can define the metric D on E 1 by means of the Hausdorff metric d as One can see that
(ii) With respect to 0, none of u ̸ = r, r ∈ R has opposite in E 1 .
(iii) For any α, β ∈ R with α, β ≥ 0 or α, β ≤ 0, and any u ∈ E 1 , we have (α + β )u = αu + β u. For general α, β ∈ R, the above property does not hold.
(iv) For any α ∈ R and any u, v ∈ E 1 , we have α(u + v) = αu + αv.
(v) For any α, β ∈ R and any u ∈ E 1 , we have α(β u) = (αβ )u. D) is a complete metric space, (cf. Puri and Ralescu [10] ). 
Obviously the sequence (u n ) ∈ ω(F) converges to a fuzzy number u if and only if {u − n (λ )} and {u + n (λ )} converge uniformly to u − (λ ) and u + (λ ) on [0, 1], respectively.
Definition 2.6. [11, Definition 2.11] A sequence (u n ) ∈ ω(F) is called bounded if and only if the set of fuzzy numbers consisting of the terms of the sequence (u n ) is a bounded set. That is to say that a sequence (u n ) ∈ ω(F) is said to be bounded if and only if there exist two fuzzy numbers m and M such that m
If the sequence (u k ) ∈ ω(F) is bounded then the sequences of functions {u − k (λ )} and {u 
If the sequence (s n ) converges to a fuzzy number u then we say that the series ∑ k u k of fuzzy numbers converges to u and write 
Definition 2.10. [9] A sequence {u n (x)} of fuzzy-valued functions converges uniformly to u(x) on a set I if for each ε > 0 there exists a number n 0 such that D(u n (x), u(x)) < ε for all x ∈ I and n > n 0 .
It is clear that if {u n } is uniformly convergent to u, then the sequence is pointwise convergent to u on I. But pointwise convergence of {u n } to u on I does not imply uniform convergence of the sequence {u n } on I.
Fuzzy-valued functions with the level sets
In this chapter we consider sequences of fuzzy-valued functions and develop uniform convergence and Hukuhara differentiation. In addition, we present characterizations of uniform convergence signs in sequences of fuzzy-valued functions. 
(ii) Especially; we choose the functions as f 2 (t) = k and f 3 (t) = k + t in case(i) for each t, x ∈ [a, b] and fix k > 0.
Then, the result 
Thus, in terms of ε-N notation, { f t n } converges to f t on A ⊆ E 1 iff for each x ∈ A and for an arbitrary ε > 0, there exists
The integer N in the definition of pointwise convergence may, in general, depend on both ε > 0 and x ∈ A. If, however, one integer can be found that works for all points in A, then the convergence is said to be uniform. That is, a sequence of fuzzy-valued functions { f t n } converges uniformly to f t on a set A if for each ε > 0, there exists an integer N(ε) such that
t (x)) < ε whenever n > N(ε) and for all x,t ∈ A.
Obviously the sequence ( f t n ) ∈ ω(F) of fuzzy-valued functions converges to a fuzzy valued-function f t if and only if {( f t ) − n (λ )} and {( f t ) + n (λ )} converge uniformly to ( f t ) − (λ ) and ( f t ) + (λ ) in λ ∈ [0, 1], respectively. Often, we say that f t is the uniform limit of the sequence { f t n } on A and write f t n → f t uniformly on A. We emphasize that uniform convergence on a set implies (pointwise) convergence on that set. But the converse is not true. Thus, uniform convergence of the sequence of fuzzy-valued functions is a stronger form of convergence. Finally, we remark it is apparent that if a sequence of fuzzy-valued functions converges uniformly on a set A, then it converges on every compact subset of A. 
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Theorem 3.4. [Characterization of uniform convergence] A sequence of fuzzy-valued functions { f t n } defined on a set A ⊆ E 1 converges uniformly to a fuzzy-valued function f t on [a, b] ⊆ A if and only if
for each x,t ∈ A.
Theorem 3.5. [Cauchy Criterion] Suppose that { f t n } be any sequence fuzzy-valued functions defined on an interval set A ⊆ E 1 . Then { f t n } converges uniformly on A if and only if, given any ε > 0, there exists a number N = N(ε) such that D( f t n (x), f t m (x)) < ε whenever m, n > N and for all x,t ∈ A.
Proof. Suppose that f t n → f t uniformly on A. Then given any ε > 0, there exists D( f t n (x), f t (x)) < ε/2 for n ≥ N. It follows that using triangle inequality
whenever m > n ≥ N and x,t ∈ A. Conversely, since (E 1 , D) is complete metric space, for every x ∈ A ⊂ E 1 , the sequence { f t n } converges pointwise to a limit f t . We shall show that f t n → f t uniformly on A. Given any ε > 0, there exists a number N = N(ε) such that D( f t m (x), f t n (x)) < ε for all x,t ∈ A and λ ∈ [0, 1] whenever m > n ≥ N. Hence for every x ∈ A and fixed n, lim
whenever n ≥ N. Hence f t n → f t uniformly on A as n → ∞. Theorem 3.
The limit of a uniformly convergent sequence of continuous fuzzy-valued functions { f t n } on a set A is continuous. That is, for each a ∈ A,
Proof. Let each { f t n (x)} be continuous fuzzy-valued functions on A ⊆ E 1 and suppose that f t n → f t uniformly on A. Let ε > 0 be given. The uniform convergence of { f t n (x)} implies that there exists an integer N independent of x such that D( f t N (x), f t (x)) < ε/3. Choose a point p ∈ A, and fix it. By using the fuzzy continuity of f t N at p, there exists a δ > 0 such that
Further, for all x such that |x − p| < δ and x ∈ A, the triangle inequality gives
for all x,t ∈ A and λ ∈ [0, 1]. Thus, f is fuzzy continuous at the point a. Since p is arbitrary point, this completes the proof.
Differentiation of fuzzy-valued functions
Many authors have recently discussed generalized Hukuhara differentiability of interval-valued functions and fuzzy differential equations with generalized derivative in [16, 1] , respectively. The concept of fuzzy differentiability comes from a generalization of the Hukuhara difference for compact convex sets. Combining the concepts of strongly and weakly generalized differentiability we obtain very simple formulations of the concepts and results with weakly generalized Hukuhara derivative (H-derivative) by means of H-difference. Let us also mention that this concept has a very intuitive interpretation too. The presented derivative concept is slightly more general than the notion of strongly generalized (Hukuhara) differentiability for the case of fuzzy-valued functions, it is actually equivalent to the concept of weakly generalized (Hukuhara) differentiability. We prove several properties of the derivative of fuzzy-valued functions considered here.
Definition 3.3. We say the fuzzy-valued function f
the limits in the metric D:
where the H-difference f t (x + h) − f t (x) and f t (x) − f t (x − h) exist. 
Proof. To do this, we follow Chalco-Cano and Román-Flores [19] . If f t is H-differentiable, then the pair of functions ( f t ) − and ( f t ) + are differentiable and the equality (3.1) holds. In the case of fuzzy-valued functions, the H-difference always exists. Analyzing all the possible cases of existence of the H-difference on the left and right side, we observe that f t is H-differentiable and (3.1) holds, if ( f t ) − and ( f t ) + are differentiable.
4 Completeness of the sets of fuzzy-valued function with the level sets
where µ(F) denotes any of the spaces B F [a, b] or C F [a, b] , where f t = ( f t (x)) and g t = (g t (x)) are the elements of the set µ(F). Then, (µ(F), D F ∞ ) is a metric space.
Proof. Since the metric axioms (d1) and (d2) are easily satisfied, we omit the detail. Suppose that f t , g t , h t ∈ µ(F), by taking into account the triangle inequality and max{a
where
Hence (d3) 
Conclusion
Many authors have extensively developed fuzzy level sets theory and their applications. Prior to introducing the alternating and binomial series of fuzzy numbers with the level sets, Kadak and Basar defined the power of a fuzzy number with the level sets, in [17] . In addition to, they proved that there are some cases which need to consider according to fuzzy level sets which includes fourier series of fuzzy numbers with related applications. Indeed, some useful results have been obtained by using level sets for defining series of fuzzy numbers like as fuzzy Fourier series.
Of course, several possible applications on Fourier series over real or complex field can be extended to the space E 1 of fuzzy numbers. We should record from now on that the main results given in Section 4 of the present paper will base on examining some fuzzy-valued function spaces. The potential applications of the obtained results include the generalization of sequence and fuzzy-valued function spaces based on different fuzzy metric. One of the purposes of this work is to extend the fuzzy level set calculus to the classical calculus for dealing with fuzzy-valued functions. Some of the analogies are demonstrated by theoretical examples between classic and level set calculus.
